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Dynamics of Nematic Liquid Crystal under 
Oscillatory Flow: Influence of Surface Viscosity 

LSH. NASIBULLAYEV, A.P. KREKHOV and M.V. KHAZIMULLIN 

Institute of Molecule and Crystal Physics, Russian Academy of Sciences, 
450025 Ufa, Russia 

We analyse the influence of a surface viscosity on the orientational dynamics of a nematic 
liquid crystal subjected to an oscillatory Couette flow. Approximate analytical solutions of 
nematohydrodynamic equations for small flow amplitudes are calculated and compared with 
the results of full numerical simulations. The range of flow frequencies where the surface vis- 
cosity has strong influence on the optical response is determined. 

Keywords: nematic liquid crystal; oscillatory flow; surface viscosity 

INTRODUCTION 

In a nematic liquid crystal (NLC) complex flow behavior arises from 
t,he strong coupling between the vclocity and orientational degrees 
of freedom (director ii). Orientational dynamics of NLC under oscil- 
latory flow has gencrally been studied in the case of strong surface 
anchoring (fixed orieritat,ion at t,he substrates). The influence of weak 
surface anchoring and siirfacr viscosit,y on the dynamics of director 
reorientat,ions under an applied electric field has been discussed in 
[ 1, 21. The surface-dominatcd orient,ational dynamics in NLC ern- 
hedtlrd in a solid porous matrix has been studied by means of thc 
dynamic scattering technique, from which the t,emperature behavior 
of surface viscosity has been deduced [3]. Recently, a flow-induced 
orientational transition in  nematics at, the substrate with weak planar 
anchoring was found and an estimate of surface viscosity has been 
given [4]. 

I n  t,his paper thc orientational behavior of t,lie NLC layer with 
weak surfacc anchoring subjected to the rectilinear oscillatory Cou- 
ett,v flow is studied theoretically. We analyst. the case of small flow 

395 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
2:

41
 1

6 
A

ug
us

t 2
01

2 



396 LSH. NASIBULLAYEV rt d 

amplitudes where the director motion is within the flow plane. The 
influence of anchoring strength and surface viscosity on the orienta- 
tional dynamics are investigated and the appropriate experimental 
conditions to measure the surface friction are proposed. 

BASIC EQUATIONS 

The netriatic layer of thickness d is confined between two identical 
siil)st,rates which provide weak surface anchoring at  z = f d / 2  in a 
Cartesian coordinate system. The oscillating flow is in the z direc- 
tion and the director confined to z - z plane. In this situation the 
director and the velocity are only functions of the distance t from 
t.he bountlaries and time t 

n, = cosO(z, t ) ,  ny = 0, n, = sinB(z, t ) ,  
v, = 71, (z , f ) ,  vl/ = 0, v, = 0, (1) 

where e ( z , t )  is the angle with respect to the z axis. With the di- 
mensionless variables Z = z / d ,  t = t w ,  V, = 7 1 + / ( ~ d )  the equations 
governing the alignment and the flow can be rewritten as [ 5 ,  61 

where the tildes have been omitted and 

Here the a, are the viscosity corffiritnts, K,, arc elastic constants, p 
is thc density of NLC and the notation f., af/&, f '(g) G af/ag 
has bwn uscd throrighout. Bountlary ronditions for the velocity for 
thc. oscillatorv Coucttc flow arc 

u,(z = -1/2) = 0,  v*(2 = +1/2) = n c o s ( t ) ,  (-1) 

whrrr (1 = .&/d ant1 .1, is the ripper plate clisplacemcnt amplitude. 
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INFLUENCE OF SURFACE VISCOSITY.. . 397 

The weak anchoring is described mathernatically in terms of sur- 
faw energy per unit area F, = (u'/2)fs(0 - O,), where W is the 
anchoring strength and function fs(O - 0,) has a minimum at B = 00. 

A simple phenomenological expression for the surface energy was in- 
troduced by Rapini and Papoular where fs(O - 19,) = sin2(0 - &) [7]. 
The boundary conditions for the director can be obtained from the 
surface torques balance equation [2, 81 

- on z = -1/2 and + on t = 1/2. 

Here 7 = ~ ~ l ~ ,  is so-called surface viscosity which characterises the 
dissipation a t  the substrate; yl is the bulk orientational viscosity and 
17,  is a characteristic interfacial length for surface viscosity. 

In order to obtain an approximate analytical solution of Eqs.(2), 
(3) we consider the case of small flow amplitudes a << 1 which corre- 
sponds to the small distortions of t,he director profile 

L?=Q,+8,  7Jz=zI*o+u, I S l < l ,  I U I < l ,  ( 6 )  

where O0 = const, v,O = 0 is the solution of (a) ,  (3) in the absence 
of oscillatory flow ( a  = 0); the value 00 is defined by the minimum of 
surface energy given for small amplitude of the director oscillations 
as fs = e'. 111 the low-frequency range to be considered here one has 
6 << 1 ( p  FZ lo3 kg/m3, m gives 
6 < 1 for frequencies f < 1 kHz) and the inertia term [left-hand side 
of Eq.(3)] is neglected. Than one obtains from equations (2), (3) 

z lo-'  N.s/m* and d FZ 

8,t - h'ou,, = EPo&r7 
(1 - X ) h 6 i , t ,  - QoU.22 = 0, ( 7 )  

where Z<o = I<(&) ,  PO = P(8,), Qo = Q(O,), with the boundary 
conditions 

6,z - E8 - GO,, = 0 l 1=-1 /2  , O,z + EB + GBJ = 0 I r = l p r  

V ( z  = -1/2) = 0, V ( z  = 1/2) = ncos(t).  (8 )  

Herr. E = tt.d/(PoI<,,), G = wd-yll,,/(PoKll). Sirice Eqs.(7) are 
linwr, thr periodic boundary coritlit,ions (8) (periodic forcing) will 
lead t o  the-periodic solutions for the director 

G ( z ,  t )  = T I  (2) cos(t) + ~ 2 ( z )  sin(t) (9) 
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398 I.SH. NASIBULLAYEV el ( I /  

with 

and for the velocity 

where the functions F,(z )  and C, are given in Appendix A. 

RESULTS AND DISCUSSION 

For weak horneotropic anchoring (0, = 7r /2 ,  W = lo-' J/m') the 
profiles of the director deviation TI(%), T2(z)  from the homeotropic 
position as well as t,hr velocity components Ul(z) ,  U~(Z) arc pre- 
sriited in Fig. 1 for different values of t,he surface viscosity 71 = ~ , l ~ ~ .  
The material parameters of MBBA (see Appendix B) have been used 
throughout. The curves for st,rong homeotropic anchoring [fixed ori- 
wtation at  the sut)st,rat,es, &Z = +1/2) = 01 as we11 as for zero 
surface viscosity = 0) arc: also shown for comparison. For the 
velocity component Ul we subtract the linear part n(z + 1/2) which 
corresponds to th t  velocit,y profile in case of isot,ropic liquid. Oric 
can see t,hat. t.he v a l w  of surface viscosity strongly influence on the 
tlirect,or and velocitv dist,ribut,ion under the oscillatory Couette flow. 
Not,e, that, raising of t,lw surface viscosity has a similar effect as t,he 
increasing of thc surfacr anchoring strength 1.Z'. 

The amplitude of the director oscillations is proport,ional to KO = 
I<(&,). For MBBA one has h'(7r/2)/1tP(0) z 102 and the amplitude 
of the director oscillations for weak planar anchoring is much smallcir 
than for thr homeotropic orient,atioii at the same flow amplitude a. 
Thrrcfort, in case of planar orientat,ion the influence of the surface 
viscosity on the) orientat,ional dynaniic of NLC is much smaller t,han 
for weak homeotropic anchoring. 

On(! of thc widely usrd ttchniqu(' for studying the orient,at,ional 
1,cIiavior of XLC is thc IIieasurements of the t,ransmit,tcd t,hrough 
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INFLUENCE OF SURFACE VISCOSITY.. . 399 

. '. '. 

-0.5 0.0 0.5 -0.5 0.0 0.5 
z/d d d  

Figure 1: Director and velocity profiles for oscillatory Couette flow. 

( ); (. .), strong arichoring (- . - ) .  
= 0.2, f = 5 Hz, d = 10 pni, W = J/m2, 17, [m]: 0 (-); 

the NLC cell polarized light. In the geometry where the polars are 
crossed and the x axis is at  45" one has for the light intensity 

-no d z ,  (11) 1 71,71, 

A J11: cos2 B + nz sin2 B 

8 I = I o s i n 2 y  , Q = - 

where nor n, are t,hc ordinary and extraordinary refractive indices 
and A is the wavelength of light. Time-periodic director oscillations 
lead to a variation of t,he optical response I = I ( t ) .  Using the di- 
rector solrit,ioii (9),  the tmnsmitted light int,cnsity can easily be cal- 
cwlated. CVt. found that, tiepending on t,hc valric of surface viscosity. 
thc. niaxirnurri of the intensity changes and its position is shifted iIi 
timc wit,h respect t,o t-ha rnorncnt of zero tiisplarernrnt, of upper plate 
( t  = ~ / 2 ) .  In order t,o find the range of flow frequencies where t,he 
surface viscosit,y has a strong influence on the optical response, the 
dependence of t,he rriaxirnuni of the t,rarisrnitted light, intensity I,,,, 
on the flow frequency was calculated for different values of surfacc 
viscosity (Fig. 2) .  We present the results for two typical values of 
anchoring strength 11. within the range of recently found experimen- 
tal ones [3]. The optical response for die case of strong anchoring is 
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400 I.SH. NASIBULLAYEV et al 

I .. 

- 0.015 
2 - 

-O i 
IOU 10' 10' I 0' 

frequency (k) 

Figure 2 :  Maximum of the. transmitted light intensity versus the 
frequency of oscillatory Couette flow at a = 0.2. (a) - d = 10 pm, 
1%' = J /m2;  (b) - d = 5 pm,  C1.' = ); 
10-' ( ); (...), strong anchoring ( -  - ). 

.J /rn ' .  l , ,  [m]: o ( 

shown for comparison. It is clearly seen that thcrc exists some flow 
frequency range [- 0.1 + 10 Hz in Fig. 2(a) and N 1 + 100 Hz in 
Fig. 2(b)] whcre the optical response is strongly depending on the 
value of surface viscosity. Below t,his frequency rang(. the transmit,- 
ted intensity is small and the det,ermination of the surface viscosit,y 
is complicateti, whcrcas at higher frequencies the boundary layers of 
the order of 4- at z = f 1 / 2  [6] become thinner and thc 
influence of the surface viscosity on t,he direct,or dynamics is not so 
apparent,. 

I n  order t,o wrify the approximate solutions, dircct, nurnerical sini- 
ulations of system (2), (3) with boundary conditions (4). ( 5 )  have 
t)ren performed. It was found that, for the frcquency range w << T,;~ 

( h  << 1) one can safely IISP t,hr analytical small-amplit,ude solutions 
up to th(> Row amplitudes a 0.25 for thc homeotropir anchoring 
( the  difference betaween analytical cqrcssions and nrimcrical solution 
tloc~s not excced 0.5%). 
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INFLUENCE OF SURFACE VISCOSITY.. . 40 1 

In conclusion, the influence of the anchoring strength and surface 
viscosity on the director dynamics in the bulk of NLC and at the sub- 
st,rates is investigated for oscillatory Couette flow. Approximate an- 
alytical solutions for small-amplitude oscillatory flow in case of weak 
surface anchoring are obtained. The analysis shows that there exists 
a certain flow frequency range where the optical response strongly 
depends on the value of surface viscosity. This effect can be used 
for a more precise experimental determination of the surface viscos- 
ity and investigathis of surface-dominated orientational dynamics in  
oscillatory flow of NLC. 

Appendix A: 

kE  
+-----{cosh(k/2) sin(k/2) - sinh(k/2) cos(k/2)) - E2 + G2 

kC: 
{cosh(k/2) sin(k/2) + sinh(k/2) cos(k/2)), 

E2 + G2 
Fz(z)  = sinh(kz) sin(kz) - sinh(k/2) sin(k/2) - 

-- I c E  (cosh(kl2) sin(k/2) + sinh(k/2) cos(kl2)) - 
E2 + G2 

-___ IcG (cosh(kl2) sin(k/2) - sinh(k/2) cos(k/2)), 
E2 + G2 

f3(z) = sinh(kz) cos(lcz) - cosh(kz) sin(kz) - 
-2z(sinh(k/2) cos(k/2) - cosh(k/2) sin(k/2)), 

-2z(sinh(k/2) cos(k /2)  + cosli(k/2) sin(k/2)), 
F4(z) = sinh(kz) cos (kz )  + cosh(kz)sin(kz) - 

C, = sinh(k/2) siii(k/2) - 
(1 - A)Ki - 

+ 7 { c o s h ( k / 2 )  sin(k/2) + sinh(k/2) cos(k/2)) + 
+------- kc {cosh(k/2) sin(k/2) - sinh(k/2) cos(k/2)), 

[eosh(k/2) sin(k/2) - sinh(k/2) cos(k/2)] + 
QO k 
k E  

E L  + G  

E2 + G2 
c2 = cosh(k/2) cos(k/2) - 
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402 I.SH. NASIBULLAYEV et al. 

- (' - [cosh(k/2)sin(k/2) + sinh(k/2) cos(k/2)] - 
Qok 

-- kE {cosh(k/2) sin(k/2) - sinh(k/2) cos(k/2)} + 
E2 + G 2  

kG 
+-{rosli(k/2) sin(k/2) + sinh(k/2) cos(k/2)} . 

E2 + G L  
Appendix B: 
The numerical computations are carried out for the following MBBX 
iriat,erial parameters at 25 "C [9, 101: viscosity coefficients i n  unit,s 
of N-s/m2 : aI  = -18.1, az = -110.4, ay = -1.1, a4 = 82.6, 
NS = 77.9, N: 
Kl l  = 6.66, KzZ = 4.2, KS3 = 8.61; mass density p = lo3 kg/m3 and 
refractive indices for wavelength of light A = 670 nm: R, = 1.542, 
16, = 1.7435 [ l l] .  

= -33.6; elasticity coefficients in units of 
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